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Extracting infrared QCD coupling from meson
spectrum
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Abstract. In the framework of the Bethe-Salpeter formalism used in previous papers to evaluate
the quarkonium spectrum, here we reverse the point of view to extract an “experimental” running
coupling αexps (Q2) in the infrared (IR) region from the data. The values so obtained agree within
the erros with the Shirkov-Solovtsov analytic coupling for 200 MeV < Q < 1.2 GeV, thus giving a
very satisfactory unifying description of high and low energy phenomena. Below 1 GeV however
αexps (Q2) seems to vanish as Q → 0 . The paper is based on a work in progress in collaboration with
D. V. Shirkov.
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As well known a very consistent picture of the high energy processes can be obtained
by perturbative QCD if the running coupling αs(Q2) , as derived from the renormal-
ization group, is used and a good convergence is already attained at 3-loop level (see
e.g. [1]). In the traditional MS renormalization scheme, however, αs(Q2) develops at
any loop level unphysical singularities for Q ∼ ΛQCD (Landau singularities) that make
the expression useless in the IR region. This is a serious difficulty in any quark model
where Q should be identified with the momentum transfer taking values typically be-
tween few GeV and some hundred MeV.
Among the various attempts to eliminate Landau singularities (see e.g. [2]) we con-
sider the proposal of Shirkov and Solovtsov, which consists in imposing analyticity on
αs(Q2) [3]. At 1-loop the analytic coupling can be written explicitly
α
(1)
an (Q2) = 1β0
(
1
ln(Q2/Λ2) +
Λ2
Λ2 −Q2
)
. (1)
At 2- or 3-loop level αan(Q2) can be only numerically computed. At 3-loop an useful
approximation is however given by the “1-loop-like” model
α
(3)
an (Q2) = 4piβ0
(
1
l +
1
1− el
)
, with l = ln Q
2
Λ2 +
β1
β 20
ln
√
ln2 Q
2
Λ2 +2pi
2 (2)
and the proper MS value for Λ . For 500 MeV < Q < 200 GeV eq. (2) differs from
the exact expression by no more than 2%. Furthermore below 1 GeV α(3)an (Q2) with
Λ(3)n f=3 = 375 MeV differs even less from eq. (1) with Λ
(1)
n f =3 = 206 MeV.
On the other side in the last years we have developed a Bethe -Salpether formalism
like [4] that was applied with a certain success to the calculation of the meson spectrum
in the light and in the heavy quark sectors. The formalism was essentially derived from
QCD first principles, making only an ansatz on the Wilson loop correlator W , which
consists in writing i lnW as the sum of a one-gluon exchange and an area term encoding
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FIGURE 1. Quarkonium spectrum, three different calculations. Diamonds refer to the truncation pre-
scription for αs , squares and circles refer to the 1-loop analytic coupling (1) and two different parametriza-
tions for constituent masses of light quarks. Lines represent experimental data.
confinement, i lnW = (i lnW )OGE+σS . The resulting reduced Salpeter equation is then
in the form of the eigenvalue equation for a squared bound state mass
M2 = M20 +UOGE +UCF , (3)
where M0 = w1 +w2 =
√
m2P1 +k
2 +
√
m2P2 +k2 and U = UOGE +UCF the potential
(see [4, 5] and references therein). By neglecting the spin orbit and the the tensorial term
but including the hyperfine splitting term, UOGE has the form
〈k|UOGE|k′〉= ρ
4
3
αs(Q2)
pi2
[
−
1
Q2
(
q10q20 +q2 −
(Q ·q)2
Q2
)
+
1
6σ1 ·σ2
]
(4)
where ρ is a kinematic factor. In [5] we have computed the meson masses by the
equation m2a = 〈φa|M20 |φa〉+ 〈φa|UOGE|φa〉+ 〈φa|UCF|φa〉 , where φa is the zero-order
wave function for the state a obtained by solving the eigenvalue equation for the static
limit Hamiltonian HCM = w1 +w2 − 43
αs
r
+σr by the Rayleigh-Ritz method. To this a
second order correction in the hyperfine term was added in some cases.
Calculations have been performed by using both a truncation prescription for αs(Q2)
and the 1-loop analytic coupling (1). The results of three sets of calculations are graph-
ically reported in Fig. 1 for the light-light and light-strange sectors as an example. The
key point is that, while the two different assumptions on αs(Q2) give similar results
for the heavy-heavy quark states a correct reprodution of the pi and K masses can be
obtained, as it can be seen, only with the analytic coupling.
In this paper we focus our attention on the reversed point of view. Λ(1)n f=3 and quark
masses have been fixed by fitting pi , ρ , φ , J/ψ and ϒ mesons, while the string tension
has been fixed a priori to the value σ = 0.18 GeV2 (see Fig. 2). For each state a we
then define a theoretical fixed coupling α ths,a which leads to the same theoretical mass
as by using α(1)an (Q2) . Thus an effective momentum transfer Qa is assigned to each
state by the equation α(1)an (Q2a) = α ths,a . We finally define αexps (Q2a) as the value of the
coupling to be inserted in (4) in order to exactly reproduce the experimental mass:
〈φa|M20 |φa〉+αexps (Q2a)〈φa|O(q;Q)|φa〉+ 〈φa|UCF|φa〉 = m2exp (O(q;Q) given by (4)).
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FIGURE 2. 3-loop analytic coupling with Λ(3)n f =3 = 375 MeV and α
exp
s . Circles, stars and squares refer
respectively to qq¯ , ss¯ and qs¯ with q = u,d ; diamonds and crosses stay for cc¯ and b¯b , plus signes for qc¯
and q¯b, while asterisks for sc¯ and s¯b . Error bars are drawn only if relevant.
The results are given pictorially on Fig. 2; points representing αexps (Q2a) are compared
with the analytic curve (2) for Λ(3)n f=3 = 375 MeV. Error bars take into account the
theoretical errors in the determination of the spectrum as well as the experimental
ones when relevant. The theoretical incertitude expected in our procedure, that does
not include coupling among different channels, is assumed to be roughly expressed by
the half width of the state. As it can been seen the αexps (Q2a) values agree rather well with
the analytic coupling expression within the quoted errors for 200MeV < Q < 1.2GeV.
Below 200 MeV, however, there seems to exist a consitent tendency of αexps (Q2a) to
vanish rather than to approach a finite limit.
The present paper is based on a work in collaboration with D. V. Shirkov.
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